Abstract. In this article we prove linear stability, inviscid damping and scattering of the 2D Euler equations around regular, strictly monotone shear flows (U (y), 0) in a periodic channel under Sobolev perturbations. We treat the settings of an infinite channel, T × R, as well as a finite channel, T × [0, 1], with impermeable boundary. We first prove inviscid damping with optimal algebraic rates for strictly monotone shear flows under the assumption of controlling the regularity of the scattered vorticity. Subsequently, we establish linear stability of the scattering equation in Sobolev spaces under perturbations which are of not too large wave-length with respect to x, depending on U .
Introduction
In this work we are interested in long-time asymptotic behavior of solution to the 2D incompressible Euler equations in a periodic channel ∂ t ω + v · ∇ω = 0,
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v · e 2 = 0, for y ∈ {0, 1}, and show that solutions of the linearized Euler equations
asymptotically converge to shear flows.
The stability and behavior of fluid flows, in particular shear flows, is a very active area of research with a long history, both due to its importance in physical and engineering applications as well as its rich mathematical behavior. First classical linear stability results are due Rayleigh, [Ray79] , and Fjørtoft, [Dra02, page 132] , who show that there can be no exponentially growing normal mode solutions, i.e. solutions of the form ω(t, x, y) = f (y)e ikx+τ t , τ > 0, unless the shear profile U (y) has an inflection point. Concerning the nonlinear equation, the most important stability result is due to Arnold [Arn66a] , who uses a convexity mechanism to obtain nonlinear stability for shear flows which satisfy 0 < c < U U < C < ∞.
Arnold further establishes that Euler's equations can be seen as a geodesic equation on the infinite dimensional manifold of smooth volume-preserving diffeomorphisms and have a Hamiltonian structure. Stability results, however only tell us that perturbations stay in a neighborhood of the original solution, but do not provide a description of the asymptotic behavior.
A flow for which such a description, at least on the linearized level, can be computed explicitly is the so-called Couette flow, U (y) = y, which is distinguished from other shear flows in that it also is a stationary solution of the Navier-Stokes equations for all Reynolds numbers. In this case the linearized Euler equation simplifies to ∂ t ω + y∂ x ω = 0.
For this flow it is a classical result going back to the works of Rayleigh [Ray79] and Orr [Orr07] , that, despite the time-reversibility and Hamiltonian structure [Arn66b] , so called linear inviscid damping holds, i.e. velocity perturbations decay in L 2 with algebraic rates for H 2 vorticity perturbations. For more recent work we refer to [LZ11] and the references therein. As we will discuss in more detail in section 1.1, the mechanism behind this surprising irreversible behavior is similar to the one of (linear) Landau damping [Lan46] . Similar to dispersion, the underlying transport structure shears and mixes the solution and thus transfers energy to high frequencies. This mixing causes the vorticity to weakly converge to its average and thus the velocity to converge strongly to a shear flow.
Going beyond linear results or to linear inviscid damping for more general shear flows has however remained mostly open until recently. Following the results of [MV11] on nonlinear Landau damping, in [BM13] it has been shown that nonlinear inviscid damping also holds for Couette flow in an infinite channel T × R, if one considers sufficiently small perturbations in the Gevrey 2 class. In comparison, in this article:
• We consider the linear dynamics. In particular the asymptotic shear flow can be computed explicitly in terms of the initial data.
• The shear flows U (y) considered are general strictly monotone functions, instead of just Couette flow.
• We also obtain results for a finite channel T×[0, 1] and prove that boundary effects in general prevent stability in Sobolev spaces H s , s > 2.
• The initial vorticity ω 0 is only required to be in H 2 instead of being in the Gevrey 2 class. In [BM10] there have been some non-rigorous results and heuristics in such a direction using complex analytic methods. However, these are not suitable for our purposes as they lack the necessary error and convergence estimates to rigorously prove damping. A rigorous scattering and decay result in L 2 , extending those by [LZ11] on Couette flow, was established in the author's Master's thesis [Zil12] under the additional assumption that vorticity moving with the flow, ω(t, x − tU (y), y), remains uniformly regular in H
x . We partially restate these results and the heuristics to be more self-contained. In this article we close the argument by establishing linear stability of the scattering equation for ω(t, x − tU (y), y) in high Sobolev norms under high frequency/small wave length perturbations in x, where the restriction becomes weaker the closer the flow is to Couette flow.
We obtain the following main theorem in section 5:
Theorem 1.1. Let ω be a solution to the linearized Euler equation
with initial data ω 0 ∈ H Then there exist asymptotic profiles ω ∞ (x, y) and v ∞ (y) such that
as t → ±∞.
Let us briefly comment on some aspects of this result. In section 2 we will see that ω x and v ∞ := ∇ ⊥ ∆ −1 ω x are preserved under the flow. We may therefore by linearity assume without loss of generality that ω x ≡ 0 ≡ v ∞ . The heuristic idea of our proof is that transport is the dominant effect and ω behaves as a solution of
which is quantified in both the regularity and scattering result.
We remark that the damping result costs regularity, which is to be expected in view of the Hamiltonian structure. Therefore in the stability result we have to invest much work and be very careful to not lose regularity.
Concerning the assumptions on U and U , the restriction |U | < δ −1 is probably not necessary, but very useful for some of the computations and in particular implies that y → U (y) is bilipschitz and thus leads to a good change of variables. The requirement on U L can be relaxed for large time and we expect a similar result to also hold if the control is only by a possibly large constant C, at the cost of an exponential factor e C in the stability estimate. However, in our method of proof the smallness condition can be seen to be necessary for estimates at finite times.
In the formulation of the above theorem, for sake of brevity we have only written common results of the finite and infinite channel. In section 3, we show that for the infinite channel one obtains stability also in higher Sobolev spaces. Our overall strategy is roughly given by: Sobolev regularity Damping Scattering trade for Duhamel adapted energy estimates
The rest of the article is organized as follows:
• In section 1.1 we consider linearized Couette flow on T × R as a motivating example, which allows explicit solutions in physical as well as Fourier space.
In particular the damping mechanism and the need for regularity is most transparent in this setting.
• In section 2, the damping results are generalized to smooth strictly monotone shear flows, under the assumption of controlling the Sobolev regularity of the perturbation W (t, x, y) := ω(t, x − tU (y), y). We also give a version of this result for more general flows/diffeomorphisms, whose derivative has some shear structure. This section is based on the author's Master's thesis [Zil12] and generalizes previous results by [LZ11] and [BM10] .
• In section 3 we establish asymptotic stability and thus the necessary regularity result for perturbations of sufficiently small period in the whole space case, i.e. (t, x, y)
In particular, instead of imposing assumptions on the wave length of perturbations we could restrict to shear flows that are close to linear.
• In section 4 we treat the case of a bounded domain (t,
with impermeable boundary, which, after subtracting the x average, corresponds to zero Dirichlet conditions on the stream function. This setting is technically more involved due lack of Fourier methods and the appearance of boundary effects, in particular stability results can not be generalized to high Sobolev norms and asymptotic stability in H 2 necessarily requires that ω 0 satisfies zero Dirichlet conditions.
• Finally, in section 5 we combine the previous results to establish damping and scattering for monotone shear flows for H 
which is up to a change of notation free transport. This can be explicitly solved using the method of characteristics ω(t, x, y) = ω 0 (x − ty, y).
As an example of the behavior of solutions, consider the case ω 0 being the indicator function of a box, depicted in figure 1.
From this one observes two opposing behaviors:
• Rapid oscillations in y damp anti-derivatives such as the velocity v = ∇ ⊥ ∆ω towards averaged quantities with a rate depending on the regularity of the initial data ω 0 .
• The evolution loses regularity in y as time increases. For this reason the mechanism is sometimes called "violent relaxation" [MV11] .
Due to the distinct role of the average, we briefly pause to discuss its behavior. The average in x is a function of y and t only and satisfies:
By periodicity ∂ x w = 0, and thus
is conserved by the evolution.
Incorporating the average of the initial perturbation into the underlying shear flow U → U (y) + y ω 0 x dy or using the linearity of the equation, we may thus without loss of generality assume that our perturbation satisfies 
In the nonlinear setting one would also like to remove this average, however it is not conserved anymore. Therefore one has to scatter around a shear profile changing in time, which introduces considerable technical difficulties, see [BM13] .
With the average set to zero, the above heuristic example suggests that positive Sobolev norms in y blow up as t → ±∞ while negative Sobolev norms tend to zero.
In order to obtain a more quantitative description, it is useful to restrict to the whole space setting T × R, where a Fourier transform is available. After a Fourier transform in x and y, which in the sequel is denoted by· , our equation is given by
So we again obtain a transport equation, which we may solve using characteristics:
Remark 2. When considering linear Landau damping, to compute the force field one is only interested in an average of the density, which in our notation would be the case η = 0. In that case high regularity of ω 0 directly translates into a high decay speed ofω 0 (k, kt). In particular analytic regularity allows one to deduce exponential decay, [MV10a] [MV11], [MV10b] . In the case of the Euler equations however, the velocity field depends on all η and a main difficulty arises in the control of η ≈ −kt.
Remark 3.
• • 
We thus heuristically observe that ω H s y ∼< t > s , i.e. positive Sobolev norms grow as t increases, while negative Sobolev norms tend to zero. However, these estimates are only asymptotic and not uniform. Consider for example an initial datum ω 0 highly concentrated at (k 0 , −k 0 c) for some k 0 and c 0. ω will in turn be concentrated at (k 0 , k 0 (t − c)), which in particular implies that for 0 < t < c any negative Sobolev norm of ω is in fact increasing and, even-though it is decreasing for t > c, it will only be small for t 2c. Therefore, to obtain uniform estimates, L 2 control of ω 0 is not sufficient as it is invariant under translation in Fourier space and it is necessary to invest additional regularity to penalize Fourier modes with η ≈ kt.
A more precise theorem concerning the decay properties of the velocity field depending on the regularity of the initial datum is given by Lin and Zeng. 
and it is thus sufficient to consider V 2 . By the previous calculations
Note that the first factor is uniformly bounded by 1 and converges point-wise to 0.
for R sufficiently large the L 2 norm of the second term is smaller than , while for fixed R the multiplier is supported in the compact set B R and decays to zero uniformly as t → ±∞. Taking an appropriate diagonal sequence in (R,t) then yields the first result for v 2 .
For V 1 (t, x, y) := v 1 (t, x − ty, y) we proceed analogously with
In order to show the other two claims, we multiply by a factor 1 = max(1,|η| j ) max(1,|η| j ) , j = 1, 2, and split it as follows:
Note that the first factor is still uniformly bounded, but in addition decays uniformly like t −j in the case of V 2 . When considering V 1 only a decay of t −1 may be obtained in this way.
is again integrable in L 2 by the assumed regularity of ω 0 .
Remark 5.
• The decay speed depends on the regularity of ω 0 and can be seen to be sharp in the sense that for each fixed t one can find a worst case ω 0 such that our multiplier is of size 1.
• 
Damping under regularity assumptions
In the following we extend the damping result on Couette flow to more general shear flows U (y),
where we impose boundary conditions
in the setting of a finite channel T L × [0, 1]. In view of the damping results we consider the right-hand-side U v 2 to be a perturbation and and introduce the scattered vorticity
As for Couette flow, taking the x average of the equation we see that
is independent of time. By linearity and writing
we in the following without loss of generality only consider the case W x ≡ 0.
The results on Couette flow suggest that regularity of W is needed to establish damping results on the velocity field. In this sections we assume W to be of regularity comparable to comparable to ω 0 also in high Sobolev norms, uniformly in time.
The proof of this stability, which is the main result of this work, is postponed to sections 3 and 4.
Using the regularity, we establish the damping results with the same algebraic rates as for Couette flow also for general, strictly monotone shear flows, where the bounds are now in terms of W instead of ω 0 . In section 2.1 we further generalize to diffeomorphisms with shearing structure.
In this general setting Fourier methods are not quite as useful anymore. We therefore obtain results by duality in analogy to classical stationary phase arguments and as an extension of [LZ11] and [BM10, Appendix A.1]. The later also provides a good stationary phase heuristic why one should expect much slower, non-integrable damping rates for non-monotone shear flows.
Similar estimates are also used in [BM13] . (
Proof. The results are established by testing, namely we use that
Thus we test ω with elements ofH 1 := {ψ ∈ H 1 : ψ is periodic in x and ψ = 0 for y ∈ {0, 1}} in the bounded domain case [0, 1]. In the whole space case, we only require periodicity in x and integrability in y.
For convenience of notation we introduce
We integrate by parts to obtain
The boundary terms vanish as ψ vanishes on the boundary. Using the strict monotonicity of U and Hölder's inequality we may thus bound
which establishes the first statement.
In order to bound v 2 one proceeds slightly differently. Note that ∆v 2 = ω x and define
with φ vanishing at the y boundary/sufficiently rapidly in infinity. We compute
Using Hölder's inequality and our bounds for 1 U we obtain:
By classic elliptic regularity theory φ H 2 ∼ v 2 L 2 , thus dividing by v L 2 yields the result.
Remark 6.
• It can be seen from the proof, that slightly weaker damping results for the velocity field still hold, if the growth of the norms can be adequately controlled. Consider for example the last inequality (1)
still decays.
• One may interpolate between both decay estimates to show decay speed of
Expressing the linearized Euler equations in terms of W and
we obtain
Integrating this equation, sufficient decay implies a scattering result.
Theorem 2.2 (Scattering). Let ω be a solution of the linearized Euler equations
x and let U be as in the damping theorem. Suppose further that
Proof. By Duhamel's formula, which in our scattering formulation is just integrating the equation
By the damping theorem we may control
Therefore the limits t → ∞, W ±∞ exist in L 2 and by weak compactness of the unit ball in H In the following subsection, we further generalize the conditional damping results from shears (x, y) → (x − tU (y), y) to diffeomorphisms X, which are structurally similar to shears.
Diffeomorphisms with shearing structure. Consider the full 2D Euler equations
If we consider sufficiently regular solutions we may solve using the method of characteristics or as it is commonly called Lagrangian variables
In the following we reformulate our previous result in terms of the flow map X t and the initial data ω 0 and extend them to more flows with shear structure.
As v is divergence-free, DX satisfies det(DX) ≡1, and therefore is measure-preserving, so in particular
We briefly sketch how to obtain damping in the case of shear flow in terms of its flow X t (x, y) = (x − tU (y), y). As we know X t explicitly, we may compute the derivative
In order to prove damping we use the shearing structure of this matrix to express an x derivative as
Computing the H −1 norm via testing, we integrate by parts to obtain
Estimating by
then gives the result. This method of proof can also be used for more general flows or given diffeomorphisms Y . 
In particular suppose that
In order to apply these results we have to be able to compare the above norms with norms we can control. For this purpose we can use Poincaré's lemma.
Lemma 2.1 (Poincaré's lemma for ω). Let ω, ω 0 , X as above, then there exist constants such that
Proof of Theorem. As in the shear flow case, we use duality and integration by parts
In the shear flow case we used that
As x, y are independent variables
For the duality statement we thus use
and d dy is subsequently integrated by parts
This proves the claimed integral equation. To obtain the desired damping result we use Hölder's inequality to estimate by
Remark 7.
• A main difficulty in considering non-shear flows is that it becomes harder to relate (
−1 ω • Y and thus to apply Poincaré's lemma. However, the above result shows that the shearing mechanism also works in a more general setting without a linear and decoupling structure. Roughly speaking, one only needs that DX is large in L ∞ with determinant close to a constant.
Thus far all damping results have been conditional under the assumption of regularity. In the following two sections we remove this restriction by establishing stability and thus regularity of the linearized Euler equations considered as a scattering problem around the underlying transport equation
Asymptotic stability for an infinite channel
As discussed in section 2, thus far all our damping results are conditional under the assumption that our scattered solution W of
stays regular in the sense that the L 2 , H 1 and H 2 norm remain uniformly bounded or at least grow very slowly.
In the case of L 2 stability there are classical stability results due to Rayleigh [Ray79] , Fjørtoft [Dra02, page 132] and Arnold [Arn66a] , however these use fundamentally different mechanisms, namely orthogonality, cancellation or convexity, while we use mixing by shearing. In particular, our flows are in general not covered by these classical stability results.
Before stating the main result, we introduce coordinate transformations, notation and perform a Fourier transform in x to simplify the equation.
As U (y) is strictly monotone, it is also invertible, so we introduce a change of variables, y → z = U (y), as well as functions
Here it is very convenient to assume that U is not only bounded from below but also from above so that the change of variables is bilipschitz. For the sake of easier notation we often also assume that g > 0, i.e. U is strictly monotonically increasing, but all results of course hold for strictly monotonically decreasing U as well. The linearized Euler equations are then given by
The underlying transport structure thus turns into Couette flow, which is particularly useful for computing derivatives and applications of a Fourier transform. As a trade off, the equation for our stream function is not anymore given by the Laplacian. However, the equation is still elliptic if and only if g is bounded away from zero, i.e. U is strictly monotone.
Changing to a scattering formulation, i.e. introducing
the left-hand-side simplifies and we obtain
We further note that, as with Couette flow in section 1.1, the x average W x = ω x satisfies
We may therefore subtract ω 0 x from ω 0 and assume that
As f and g do not depend on x, after a Fourier transform in x the system decouples and the frequency k plays the role of a parameter
Further, we adjust the definition of Φ by dividing by k 2 , which is well-defined, as we assumed that
We thus obtain the following simplified linearized Euler equations in scattering formulation
Our main result of this section is proved in subsection 3.3
,∞ (R) and that there exists δ > 0 such that
Suppose further that In the following we first introduce the mechanism of our proof in a simplified setting of a constant coefficient model, for which we can also compute the solution explicitly. Using a perturbation argument we establish L 2 stability for the general setting in section and 3.2 and subsequently differentiate the equation to extend the result to higher Sobolev norms in section 3.3.
3.1. A constant coefficient model. In order to obtain a better understanding of the dynamics of the linearized Euler equations, we in the following consider a simplified model where we formally replace f (y) and g(y) by constants to recover the decoupling:
Here c ∈ C should be thought of as small and not necessarily imaginary.
For simplicity of notation we choose the constant in front of (∂ y − it) 2 to be 1, in general min(g 2 ) > 0 is the natural choice. This equation further decouples after a Fourier transform in y and is explicitly solvable. While the constant coefficient case allows an explicit solution, in the general case a more indirect proof is required, which we introduce in the following.
then the solution of the constant coefficient problem is given by
The underlying method of our proof is to introduce a weight that decreases at the right places at a large enough rate to counter potential growth. This method of proof is reminiscent of integrating factors in ODE theory and is sometimes called "ghost energy" [Ali01] . Recent applications of similar methods can, for example, be found in a more sophisticated form in the work of [BM13] .
For simplicity of notation we in the following assume c > 0 to avoid writing absolute values. 
Then for |c| C sufficiently small, E(t) is non-increasing and uniformly comparable to
By our choice of A,Ȧ is a negative semidefinite symmetric operator. For our theorem it suffices to show that it is negative enough to absorb possible growth and therefore ensure that ∂ t E(t) ≤ 0. Using Plancherel it suffices to show that
3.2. L 2 stability for monotone shear flows. In the following we consider the linearized Euler equations, where we in analogy to the model problem introduce a constant coefficient stream function Ψ
As Φ and Ψ satisfy very similar equations, we can estimate W, Φ in terms of Ψ.
Lemma 3.1. Assume 1 g ∈ W 1,∞ and assume there exists δ > 0 such that
Let W ∈ L 2 and let Φ, Ψ be the solutions of the above equations with the same right-hand-side W . Then for some constant C > 0 depending only on g
Using this lemma we then prove L 2 stability. 
is non-increasing. In particular:
Proof of Theorem 3.4. Consider the time-derivative of I(t):
By the lemma we may control the last term by
Spending an operator norm (in H 1 ) of A and A −1 , we may in turn control this by
The constant coefficient result then concludes the proof provided
is sufficiently small.
Proof of Lemma 3.1. Test the equation for Φ with
1 g Φ and integrate by parts to obtain:
By our assumption, the left-hand-side is bounded from below by
1 , so we only have to control the right-hand-side. Using the equation for Ψ and integrating by parts we obtain
we thus obtain the result.
Remark 11. Testing with Φ instead of 1 g Φ has the small drawback of introducing commutators involving gg on the left-hand-side which one can control either by a smallness or sign condition, the right-hand-side however is simplified.
Applying the same procedure to the equation for Ψ we also get the reverse inequality. One can more generally show that, up to a factor both Φ and Ψ attain 
When taking derivatives of the linearized Euler equations, we also obtain lower order corrections. Let j ∈ N be given, then ∂ j y W satisfies: 
With this notation our main theorem is Theorem 3.5. Let f, g be as in the previous theorem, j ∈ N and assume f, g ∈ W j+1,∞ . Then for
As in the previous proof we compare with constant coefficient potentials Ψ.
Lemma 3.2. Let j ∈ N and suppose
Proof of Theorem 3.5. For any j
Summing over all j ≤ j and using the lemma, we obtain:
Relabeling and applying the constant coefficient L 2 result we obtain that for c sufficiently small
c to be sufficiently small concludes our proof.
Proof of Lemma 3.2.
We have already shown the result for j = 0, so it suffices to show the induction step
Recall that ∂ j y Φ satisfies
As in section 3.2, we may test with
Φ to obtain an estimate by
In the commutator one of the derivatives ∂ j y has to fall on g. Integrating one factor (
Dividing by ∂ j y Φ H1 provides the desired estimate and we conclude by induction.
With these stability results, we now have the desired control on the H 2 norm of W to apply our damping theorem, which in turn provides a scattering result via Duhamel's formula, as we will discuss in section 5. Prior to this, however, we in the next session prove a similar stability results in the case of a finite channel T L × [0, 1] with impermeable boundary.
Asymptotic stability for a finite channel
Inspired by the Fourier proof in the whole space case we in the following establish stability in the setting of a bounded channel T L × [a, b]. The physically natural boundary conditions in this setting are that the boundary in y is impermeable v 2 = ∂ x φ = 0, for y ∈ {a, b}. φ restricted to the boundary thus only depends on time.
Following the same reduction steps as in section 3.1, in particular removing the mean W x , φ and thus Φ vanishes identically on the boundary. The linearized Euler equations in scattering formulation are thus given by
For the sake of easier notation, we translate in y and adjust L by a factor to reduce
Our main result is proved in section 4.3
Theorem 4.1. Let W be a solution of (LE), ω 0 ∈ H 2 , f, g ∈ W 3,∞ and
Additionally let ω 0 | y=0,π = 0. Then for |k| 0 sufficiently large/L sufficiently small
The case of a finite channel is not only technically more involved due to the lack of Fourier methods as well as the loss of the multiplier structure for Φ, even for Couette flow, but the qualitative behavior also changes due to boundary effects.
When differentiating the equation ∂ n y Φ will satisfy non-zero Dirichlet boundary conditions which we show to in particular imply that asymptotic H 2 stability is possible if and only if ω 0 also vanishes on the boundary and higher norms would require even stronger conditions, as we discuss in appendix B. As the damping results provide the sharp algebraic decay rates already for H 2 regularity, we restrict ourselves to considering only L 2 , H 1 and H 2 stability.
4.1. L 2 stability via shearing. As in section 3.2, we introduce a constant coefficient stream function Ψ and thus consider the system of equations
If we considered periodic boundary conditions, in a Fourier expansion Ψ would again be given by a multiplier and could be solved explicitly in the same way as in the whole space setting. As we however have zero Dirichlet conditions, we can not anymore solve the evolution explicitly but rather have to establish control of boundary effects and growth of norms using more indirect methods. Thus stability results are already non-trivial even for a constant coefficient model.
Emulating the proof of the L 2 stability with a decreasing weight A(t) as in section 3.2, a natural replacement for the Fourier transform is given by the expansion in a basis (e n ).
In view of our zero Dirichlet conditions a natural choice of such a basis is sin(ny), n ∈ N.
For the current purpose of L 2 stability, however, it is advantageous to instead consider an expansion in the Fourier basis e iny , n ∈ 2Z, for which calculations greatly simplify, at the cost of worse mapping properties in higher Sobolev spaces. This trade-off and the role of the choice of basis is discussed in more detail in appendix A.
Lemma 4.1. Let n ∈ 2Z and let Ψ[e iny ] solve
Ψ| y=0,π = 0.
Then for any
where a, b solve
Denote the basis expansion of W with respect to e iny , n ∈ 2Z by n W n e iny .
Then there exists a constant such that
| W, Ψ | k −2 n < n k − t > −2 |W n | 2 .
Lemma 4.3. Define the operator A(t) by
A(t) : e iny → exp − t < n k − t > −2 dt e iny = exp arctan n k − t e iny . Then A : L 2 → L 2
is a uniformly bounded, symmetric, positive operator and there exist constants such that
Further, the time derivativeȦ is symmetric and non-positive and there exists a constant C > 0 such that
Then there exists a constant C such that
With these lemmas we can now prove L 2 stability Theorem 4.2 (L 2 stability). Let f, g ∈ W 1,∞ and suppose that there exists C > 0 such that
Suppose further that
is sufficiently small. Then there exists a constant such that for all
ω 0 ∈ L 2 , the solution W of (LE) satisfies W L 2 ω 0 L 2 , ∀t.
Proof of Theorem 4.2. The time derivative of I(t) := W, AW is controlled by
By lemma 4.4 there exists a constant C 1 such thaṫ
Requiring |k| to be sufficiently large,
C1
k ≤ C and thus lemma 4.3 yieldṡ
In particular
It remains to prove the lemmas. 
Proof of Lemma 4.2. Using lemma 4.1 we explicitly compute W, Ψ :
Proof of Lemma 4.3. Expressed in the Fourier basis e
iny , A(t) is a diagonal operator with positive, monotonically decreasing coefficients that are uniformly bounded from above and below by exp(
Modifying the proof of lemma 4.2 slightly, we obtain that
Proof of Lemma 4.4. Let Ψ[AW ] solve
By integration by parts we then obtain
By our basis characterization 
L 2 then provides the desired estimate.
H
1 stability. In order to extend the stability results to H 1 we proceed as in section 3.3 and differentiate our equation. We note, that ∂ y Ψ and ∂ y Φ do not anymore satisfy zero Dirichlet boundary conditions, and thus split ∂ y Φ = Φ
(1) + H (1) :
Following the same approach as in the previous section we thus additionally have to control a boundary correction term involving H (1) .
Lemma 4.5 (H 1 boundary contributions).
Let A(t) be diagonal operator comparable to the identity, ω 0 ∈ H 1 , f ∈ W 2,∞ and W the solution of ( ). Then, for any 0 < γ, β < 1 2 there exist constants such that
If additionally ω 0 | y=0,π ≡ 0, then for any 0 < β < 1 2 there exist constants such that
Lemma 4.6 (H 1 stream function estimate). Let A, W as above, then there exists a constant such that
| A∂ y W, if k Φ (1) + if k Φ | k −1 f W 2,∞ ( Ψ[A∂ y W ] 2H 1 + Ψ[∂ y W ] 2H 1 + Ψ[W ] 2H 1 ).
Theorem 4.3 (H 1 stability). Let W be a solution of the linearized Euler equation
( ), f, g ∈ W 2,∞ and 0 < c < g < c −1 < ∞.
Further define a diagonal weight A(t):
Then for |k| 0 sufficiently large
Proof of Theorem 4.3. Let W be a solution of ( ), then we compute
Using lemma 4.6 in combination with lemma 4.2 we estimate the second term by
Using lemma 4.5 the last term is controlled by
Taking |k| 0 sufficiently large, the sums can be absorbed by
We thus obtain that
or in the case of vanishing Dirichlet data ω 0 | y=0,π ,
Integrating the inequalities concludes the proof.
Proof of Lemma 4.5. Similar to the construction of Lemma 4.1, let u j be solutions of
with boundary values 0, 1. Recalling the sequence of transformations turning φ into Φ, u j are given by linear combinations of e ±kG(y)+ikty ,
(1) is then given by
In order to compute ∂ y Φ| y=0,π , we test the equation for Φ with u j :
where we used that Φ y=0,π = 0. As k = 0, g 2 > c > 0, we may solve for ∂ y Φ| y=0,π :
The boundary contribution can thus be explicitly computed in terms of u 1 , u 2 :
As the homogeneous solutions e ±G(y)+ikty and thus u 1 , u 2 are highly oscillatory, we integrate k W, u j by parts and use that the evolution of (LE) preserves boundary values, i.e.
Using Young's inequality this yields a bound by 
A similar bound also holds for A∂ y W, f u j , where the constant further includes a factor f W 1,∞ . ( ) can thus further be controlled by
The improved result for ω 0 | y=0,π ≡ 0 similarly follows from ( ), as in that case the term < t > −1 | A∂ y W, f u j | is not present.
Proof of Lemma 4.6. Using the vanishing boundary values of Φ and Φ
(1) and introducing
we integrate by parts to bound by
In order to further estimate Φ (1) H1 we again use the vanishing boundary values of Φ
(1) and test
H1 . Using this inequality and lemma 4.4 to estimate Φ H1 Ψ H1 , then concludes the proof.
H
2 stability. Following a similar approach we obtain H 2 stability. As we discuss in the appendix B, for this result it is necessary to additionally require that ω 0 | y=0,π = 0.
We again differentiate our equation and introduce homogeneous correction terms
y=0,π =0.
( )
Lemma 4.7 (H 2 boundary contribution I). Let A(t) be a diagonal operator comparable to the identity and let W be a solution of
( ), f, g ∈ W 3,∞ , ω 0 ∈ H 2 and 0 < c < g < c −1 < ∞. Then H (1) 2H 1 < t > −2 W 2 H 1 < t > −2 and | A∂ 2 y W, if k H (1) | f W 2,∞ k −1 < t > −2(1−γ) + n < t > −2γ < n k − t > −2β |(A∂ 2 y W ) n | 2 .
Lemma 4.8 (H 2 boundary contribution II). Let f, g, W as in the previous lemma and additionally let
Lemma 4.9 (H 2 stream function estimate I). Let A, W as above, then there exists a constant such that 
Additionally, let ω 0 | y=0,π = 0. Then for |k| 0 sufficient large 
As Φ (2) , Φ (1) and Φ have zero boundary values, we integrate
by parts and bound by theH 1 norm
Lemmas 4.9 and 4.10 provide control by 
As 0 < γ < 1 2 , this is integrable and thus yields the result. It remains to prove the lemmas.
Proof of Lemma 4.7. We recall that H
(1) is explicitly given by
By the triangle inequality, we thus estimate by
The homogeneous solutions u 1 , u 2 are constructed in such a way that
uniformly in time. Using the results of the previous section we may thus control by
Squaring then yields the first estimate. In order to estimate
y W, u j | we proceed as in lemma 4.5 and expand A∂ 2 y W, u j in our basis. We thus obtain that
. Using Young's inequality we thus obtain
Proof of Lemma 4.8. We follow the same strategy as in the proof of lemma 4.5 and lemma 4.7 and explicitly compute
It thus remains to estimate ∂ 2 y Φ| y=0,π . We thus expand
Using that Φ and W vanish at the boundary, we obtain
Dividing by g 2 (which we required to be bounded away from zero), we may thus solve for ∂ 
where we again used that W | y=0,π = ω 0 | y=0,π ≡ 0. The first term can again be estimated by
and thus yields a contribution of the desired form.
To estimate the second term we restrict the evolution equation for ∂ y W to the boundary and obtain
Roughly controlling the right-hand-side by O(t −1 ) W H 1 1 we thus obtain a logarithmic control
This already suffices to control
Using these controls, we may further estimate equation (6) by
Proof of Lemma 4.9. We introduce
y W ] y=0,π = 0, and use the vanishing boundary values of Φ (2) to integrate by parts and obtain
It thus remains to control Φ (2) 2H
1 . Testing
y=0,π =0. with (a mollification of)
H1 + H
H1 , lemma 4.7 and lemma 4.6 then provides the desired control.
Proof of Lemma 4.10. We introduce
and use the vanishing boundary values of Φ
(1) and Φ to integrate by parts, to obtain
Lemma 4.6 then provides the desired control.
With these stability results, we now have the desired control on W H 2 to apply our damping theorem, which we use to obtain scattering results on W , as we will discuss in the following section.
Scattering and Consistency
In this section we combine the previous results to establish damping and scattering for H 2 perturbations and thus close our strategy: 
Suppose that there exists δ > 0 such that
and that for frequencies
is sufficiently small. In the case y ∈ [0, 1] additionally assume that
Then there exist constants and
x and f, g as above, then by the stability theorem of section 3.3 (and section 4.3) there exists a constant such that
As the mean in x is conserved, i.e.
we may apply Poincaré's theorem to deduce that
The damping result of section 2 then implies algebraic decay of the velocity field and in particular quadratic and thus integrable decay of v 2 L 2 .
Duhamel's formula or in our scattering formulation just integrating the equation on W , leads to:
then implies, that the integral in ( ) is uniformly bounded for all t and the improper integral for t → ±∞ exists as a limit in L 2 . Therefore
uniformly in time, weak compactness and lower semicontinuity imply
Then by the previous theorem there exist ω
By the L
2 stability result of sections 3 and 4 and letting t tend to infinity, ω j ∞ is a Cauchy sequence in L 2 . Denoting the limit ω ∞ , a diagonal sequence argument yields W (t)
A natural question following these linear inviscid damping and scattering results is of course whether such behavior also persists under the non-linear evolution. [BM13] answers this question positively in the case of Couette flow, where the perturbations are required to be small in the Gevrey 2 class to control nonlinear effects.
As a small step in the direction of similar results for monotone shear flows we follow [BM10] and answer the simpler question of consistency. That is, we show that the nonlinearity when evolved with the linear dynamics is an integrable perturbation.
The nonlinearity is given by
At first sight we would thus expect decay with a rate of only O(t −1 ), as
However, there is some additional cancellation to be used. In scattering coordinates:
Combining the the stability results on ∇W and the damping results on ∇ ⊥ Φ of sections 3.3 and 4.2, we obtain quadratic decay
and thus consistency.
Lemma 5.1 (Consistency). Let W be a solution to the linearized Euler equation on T × R, satisfying the assumptions of the stability and damping theorems and let
In particular, 
Proof. By the damping and stability results W H 3 1 and
By Sobolev embedding
An application of Hölder's inequality then gives the desired bound on We have thus shown that, according to the linearized dynamics, inviscid damping should be expected not only for Couette flow in an infinite channel, T × R, and perturbations of class Gevrey 2, but also for
• more general, regular, strictly monotone shear flows U (y),
• perturbations in Sobolev regularity and • in the case of a finite channel, T × [0, 1].
In particular in the last setting, obtaining high regularity would be very difficult due to boundary effects. The main difficulty in passing to nonlinear or otherwise more general results is in obtaining suitable stability results and understanding which dynamics to perturb around. In the linearized setting, the average in x is conserved and we thus obtain explicit shear dynamics to scatter around, which allows us to characterize the damping mechanism in detail. In contrast, in the work of Villani and Mouhot, [MV11] , and Masmoudi and Bedrossian, [BM13] , the nonlinear dynamics depend on the solution and thus require much effort and many technical tools to identify suitable dynamics and control self-interactions. Such nonlinear interactions, manifesting in echoes [MWGO68] , are also the main reason for the high regularity requirements.
We also remark that all results on the linearized equation follow in the same way for fluid flow in the plane, (x, y) ∈ R 2 , or a non-periodic channel, R × [0, 1], if we restrict to perturbations ω 0 with a low-frequency cutoff in x, i.e.ω 0 (k, η) = 0 for all |k| < R. While the singularity of the multiplier corresponding to v 2 = ∂ x ∆ −1 ω in k = 0 suggests that a restriction of similar type is necessary, such a cutoff is difficult to justify on physical grounds.
Appendix A. Bases and mapping properties
In this section we elaborate on the role of boundary conditions, the choice of basis and the mapping properties of
In analogy to the whole space setting, a first natural approach is a Fourier basis, which we used in section 4.1. This choice of basis has a distinct advantage in its simplicity and good decoupling multiplier structure. In particular we may easily prove lemma 4.2 using CauchySchwarz. We, however, see that we can not obtain a bounded map in H s , s ≥ 1 in this way, as decay is not fast enough and thus We may thus, for example, consider t 1,n ∈ 2Z and t 2,n ∈ 2Z+1 sequences of integers tending to ±∞. Along these sequences a, b are constant and non-trivial, while For convenience of notation, we again set k = 1. Restricting to even integer sequences t n , e −ity u 1 and e −ity u 2 do not depend on t and are linearly independent. It thus suffices to show that ∂ Here we used that e itny | y=0,π = 1 for our sequence of t n . Therefore Using the same approach one can obtain similar results for higher Sobolev norms involving boundary values of higher derivatives, both for ω 0 = sin(x)P (y), P a polynomial, and general ω 0 . However, for non-Couette flow the boundary values of higher derivatives are not conserved and therefore conditions of the form ∂ n y W | y=0,π ≡ 0 are never satisfied. Instead one would have to derive necessary and sufficient conditions under which ∂ n y W | y=0,π → 0 as t → ±∞.
